200

Int. J. Heat Mass Transfer.
Printed in Great Britain

Vol. 31, No. 1, pp. 200-203, 1988

Technical Notes

0017-9310/88 $3.00 4 0.00
Pergamon Journals Ltd.

Approximate analytical solution for non-convective heat or mass transfer
in composites of spherical particles

IN-Soo Parkt and B. J. McCoy
Department of Chemical Engineering, University of California, Davis, CA 95616, U.S.A.

(Received 5 January 1987 and in final form 18 July 1987)

INTRODUCTION

THE TRANSIENT, non-convective conduction of heat or
diffusion of solute in composite media is important in several
applications. In thermal storage in packed beds, for example,
stratification in the non-flow mode deteriorates with time,
i.e. the temperature gradient dissipates [1,2]. Diffusion in
arrested-flow chromatography also involves transient be-
havior as the stationary band of solute spreads in either
direction in the column [3]. Other composite materials, e.g.
cement with embedded gravel, are in the category studied
here.

For isotropic composite media with different conductivity
properties in the continuous and particle phases, relaxation
to the quasi-steady state cannot be described by the simple
effective conductivity equation, which for one-dimensional
transport is

940t = ko 02 A4/02° )

where k.q is the effective conductivity or diffusion coefficient,
Kirkpatrick [4] showed that the relaxation to steady state
for diffusion in a medium of randomly-distributed spherical
traps could not be so represented. Park and McCoy [5]
examined the conditions under which conduction or dif-
fusion in a composite medium composed of widely-spaced,
fixed spheres could be mathematically described by an effec-
tive conductivity or diffusivity. Criteria in terms of the Biot
number, and the ratio of particle to external phase volumes
were formulated for equilibration of particles with the sur-
rounding material.

Our objective in this note is to develop an analytical
approach for computing transient temperature or con-
centration profiles in both the continuous and particle phases
for arbitrary initial conditions. The procedure makes use of
the parabolic profile approximation for individual particles
[6]. A restriction due to the uniform boundary conditions
that are assumed for the surface of a particle is that the
particles are small and spaced far apart. A Fourier transform
solution allows the generation of spatial moments for an
impulse response, which, being symmetrical, is modeled as a
Gaussian profile. By utilizing the superposition principle
resulting from the convolution of Fourier transforms, we
express the response to a general initial condition. Results
are presented for transient profiles in both the continuous
and particle phase due to the impulse, pulse, step, and ramp
initial conditions. After sufficient time has elapsed, the longi-
tudinal profiles in the two phases become identical. For a
composite medium the theory utilizes the superposition
theory described by Crank [7] and by Carslaw and Jaeger
[8], previously applied only to a single-phase medium, and
now extended to the present two-phase composite.

THEORY

We consider a composite of equal-sized spheres in a homo-
geneous and continuous matrix. Table 1, defining pertinent
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Table 1. Definition of dimensionless quantities for non-con-
vective mass and heat transfer

Variables
and Mass Heat
parameters transfer transfer

A (ei—cn)/(co—cv) (T = T)/(To—Ty)
c (c~co)/(co—cy) (T~ T)/(To—~Ts)
X r/R r/R
¥y z/R z/R
T Dit/BR? KJ{/R?
i BD,jaD; Kok
Bi k,R/D, hR/k,

dimensionless groups, shows the analogy between mass and
heat transfer. With the analogy, the development shown
below in terms of dimensionless quantities is applicable to
both conduction and diffusion problems. An assumption in
what follows is that the temperature or concentration at a
particle surface is uniform. Ideally this holds exactly only for
widely separated particles in a slight gradient field, but can
be nearly true for packed beds if the gradient is not too large.
The mass or heat balance equation for the homogeneous
material surrounding the spheres is, in dimensionless form

A82CI3y* ~3(Ble) (1 —a)(DA/6x),-, = 0CIor.  (2)

The heat or mass diffusion balance equation for a particle is

1o ,04 o4 3

——|x=—=]==.

x? éx ox ot &)
For initial conditions, we considered in our earlier work [5]
an impulse of heat or mass with the magnitude 7,— T, or
cg— ¢y In the continuous phase. For the present study we
consider a general initial condition for the continuous phase,
ie. B(y)

Cly,t=0)=B(y “
A(x,t=0)=0. ©)]
The boundary conditions are
Cy—-to0,1)=0 6
(0A/0x),oy =0 )]
(84/8x). = = Bi[C—(A).-)]. (®

In equation (6) we consider a medium that is very large
relative to particle diameter, and in equation (7) we let the
intraparticle profile be symmetric. Equation (8) equates the
fluxes on the inner and outer sides of the particle surface.
For non-flow conditions in packed beds Bi is usually taken
to be infinite [9]. For some cases, however, Bi would be finite,
for example, for fouled particles coated with a thin insulating
or mass transfer resistant material.

As the exact solution to the preceding equations is an
unwieldy infinite series ill-suited for integration, we invoke
the parabolic profile assumption of Do and Rice [6], who
showed that for T > 0.05

A=m,+myx’, )
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NOMENCLATURE

a, parameter, defined by equation (19) kg thermal conductivity of particle

a, parameter, defined by equation (19) Wm~'K™]]

A(x,y,7) dimensionless concentration or (o] parameter, defined by equation (19)
temperature inside particles, defined in r radial coordinate in spherical particle {m]
Table 1 R radius of spherical particle [m]

A(y,7)  volumetric mean of A(x, y, 1) for spherical T temperature of continuous phase [K]
particles T, intraparticle temperature at ¢ = 0 [K]

A(v) Fourier transform of 4(y, 1) T, temperature of thermal impulse [K]

B(y) initial condition, C(y,t = 0), equation (4) T, temperature of particle [K]

B Fourier transform of B(y) t time [s]

Bi Biot number, defined in Table 1 U(y) unit step function

C(x,y,1) dimensionless concentration or x dimensionless radial coordinate in spherical
temperature in continuous phase, defined particle, defined in Table |
in Table 1 ¥ dimensionless longitudinal coordinate,

¢ concentration in continuous phase defined in Table 1
{molm ™3 z longitudinal coordinate in composite

< constant, defined by equation (19) medium [m].

¢, constant, defined by equation (19)

Cp concentration particle pores at t = 0 Greek symbols
[molm~7] o volume fraction of continuous phase

¢ concentration in particle pores [molm~?] B porosity of particle (for diffusion)

¢y magnitude of concentration impulse y B(1 —a)/o
[molm~?] 3(») Dirac delta function

D, intraparticle diffusivity [m*s~"] K dimensionless Fourier domain variable

D, effective diffusivity in continuous phase K, thermal diffusivity of particle [m*s™']
[m2s~1] K, effective thermal diffusivity of continuous

E, parameter, defined by equation (19) phase [m?s~']

E, parameter, defined by equation (19) i ratto of diffusivities or conductivities,

h constant, defined in equations (31) and defined in Table 1
33 Utn dimensionless nth spatial moment, generated

h, fluid-to-particle heat transfer coefficient by A, defined by equation (20)
Wm=2K"] Hen dimensionless nth spatial moment, generated

k; defined by equations (16)—(18) by C, defined by equation (21)

ks effective thermal diffusivity or mass 14 variable of integration in equations (27) and
diffusivity [m*s~'] (28)

k, fluid-to-particle mass transfer coefficient T dimensionless time, defined in Table 1
[ms™] ¢ —ki(1+p).

Tomida and McCoy [10] recently demonstrated that if this  where

polynomial is extended indefinitely, the solution is exact.
Following Do and Rice it is not difficult to show that

(0A4/0x), ., = (5/(1+5/Bi))exp (—15t/(1+5/Bi)) (10)
0A/ot = (15/(1+5/BHNC—A) (11)

in terms of 4, the volume average over the spherical particles.
The Fourier transforms for equations (2), (10), and (11)
can be written as

ddjdr =k, A+k,,C 12)
dCjdr =k, A+k,,C (13)
and initial conditions (4) and (5) become

Cx=0=8 (14)
Ax=0)=0. (15)

The coefficients in equations (12) and (13) are given by
ki, = —k,,=—15/(1+5/Bi) (16)
ko =k B(1—a)fa a7
kyy = AP —k,,. (18

The Fourier domain solution for equations (12)-(15) can
easily be obtained as

A=B@ efr+a,er), € =B(c e +c,ef7) (19)

E, = (ki +k;)(1-0)/2

E, = (k11+k22)(1+Q)/2
Q = [1+4(k ok —ky ko) (k) + ko) ]

a, = —da,= _B/(fl =f2)

€ = E—Cz = Bfl/(fl —f2)
Si=(—E\+k\ +k))/(—E +ky+ky)
fr=A(~Ey+k+k )/ (—Ey+kiy+ka).

Spatial moments are generated by 4 and ¢ according to

uAn(r)=[ A(y)y"dy/_[ B(y)dy

=(-— 1)”[99% d"fi/dx”:l / B (20)

ua(r)=f C(y)y"dy/J_ B(y)dy

=(—1)"[1(i_r}r(1)d"€'/dxi|/é. Q@1

From equations (12)-(21) the first three moments are
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obtained as follows:

Hao(®) = (1—e"H{(1+y) 22
HeolT) = (1+“/€’°’)/’(1+Y) (23)
pa () = per(v) = (24)
24 (1 ) 2t
pa) = e a9
—44 N At y
HealT) = (l+'}5)3( —e~ )+ Ty )2(14—«, e
(26)
where
y=p~a)fa, ¢=—k(l+y)t

and k,, is given by equation (16). The second moment
expressions in ref. {5] should be corrected to agree with these.

After approximating the developing profiles of 4 and C
for impulse input (B(y) = 38(»)) as Gaussian functions,
we can obtain the general solutions using the convolution
theorem [7, 11], i.e.

Ao = r@ B(-O(AE D} 4 2D
(o= L BO-9(CE D} & C9)

where the impulse responses are given as
Ampae = Gy 57750 (-1 2002) (29)
Compate = —wﬁ; D (= 2xca). (30)

RESPONSES FOR SPECIFIC INITIAL
CONDITIONS

We consider several generalized functions as initial con-
ditions for C(y,1):

the rectangular pulse
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Now, from equations (21)-(27), responses for pulse, step,
and ramp functions can be obtained as follows:

pulse TESPONSEs

- Hao h—y h+y
A =
<4h>{e Ty Tt f(Zu“)”z} 69

L h—~ +
Couee = ( L:){eff(z R +erf( ”;_;)sz}s (3%

step responses

(36)

@37

ramp responscs

= ()5 -5

e {" (yzzi)z} " (%y)@”){“fei S
= (5)0%57) ool ‘é;:zﬂ

el (s;:ﬁ%f]%(’i;z)(%ﬁ)

The rectangular pulse responses and the step responses are
plotted in Figs. 1 and 2, respectively.

L...__!I_n_"l

DISCUSSION

B(y) = [U{—~(y—W}~U{~(y+m})2h; (G After the transient has passed, radial gradients within the
the step particles subside as shown in Figs. 1 and 2, and a quasi-steady
B . . 1 state spreading of the profiles continues. The relationship for
() =U(=»); $32)  the area under the profiles in Fig. 1 is given as
the ramp % o
1 f C(y,r=0)dy=f C(y,0dy
B(y)=§,;{—(y~h)}[U{-(y~h)} o o
I—o) [ o
~UL- (R UL-G AL (D) A2 j Apnody. @)
1.2 ¥ T T T T
c
~-==R
08 | 4
o
st .
< Initial Pulse
04} |
T=1
0 " % <007 ]
24 1.8 08 0 08 16 24

Y

Fic. 1. Time dependence of profiles inside particle, 4, and in continuous phase, C, for A= 13,

Bl—a)u=15 h=

0.5, and Bi = oo. Initial condition is a spatial rectangular pulse of tracer in the

continuous phase.
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Fic. 2. Time dependence of profiles inside particle, 4, and in continuous phase, C, for 1 =13,
B(1 —a)/a = 1.5, and Bi = oo. Initial condition is a spatial step of tracer in the continuous phase.

When time becomes infinite, C equals A and equation (40)

becomes
{1 + %—ﬁ}f C(y,0dy

= {1+ﬁ()ri)}Jw A(y,7)dy. (41)

J C(yt=0)dy=

The relative areas under the curves in Fig. 1 are due to
transfer of heat or mass from the continuous phase to the
particles, and are determined by the value, (1 —a)/o = 1.5.
The asymptote on the negative y-axis in Fig. 2 for =1,
which has the value [1+ 8(1 —a)/a] ™' = 0.4, is likewise due
to this transfer to the particles.

The rectangular pulse response, Fig. 1, resembles the
impulse response in shape, and as time increases, the two
responses become more alike. The ramp response resembles
the step response, Fig. 2; and as time increases, these two
also become more alike.

For times greater than the transient, an effective con-
duction or diffusion coeflicient should apply. Expressions for
such effective transport parameters have been developed by
Maxwell [12] and by Jeffrey [13], for example. As the present
model does not account for longitudinal gradients across
the particles (only radial gradients are included), correct
expressions for effective coefficients for densely packed
spheres cannot be manifested by the present model. Thus, a
restriction that holds for long time (z > 1) is that the volume
fraction of the particle phase is very small compared to the
continuous phase (1 —a « 1). This ensures that the con-
tribution of the particle phase is negligible during the quasi-
steady state transport process. This restriction is consistent
with the boundary condition for radial symmetry, equations
(7) and (8). A complete theory for the entire time domain
for composite media conduction would include longitudinal,
as well as radial, temperature gradients within the particles.
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